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Abstract 

We investigate the relationship between the holographic temperature bound and the 
slow-roll inflation. For this purpose we introduce the holographic temperature bound for 
a radiation matter :T > Th- Here Th is the Hubble temperature which arises from the 
cosmological holographic description of for a radiation-dominated universe. For the quasi- 
de Sitter phase of slow-roll inflation, we find that the holographic temperature bound of 
^GH > is guaranteed with the Gibbons-Hawking temperature Tgh- When Tgh = ^h, 
inflation ends. 



*e-mail address: ysniyung@physics.inje.ac.kr 



The inflation turned out to be a successful tool to resolve the problems of the hot big 
bang model pO. Thanks to the recent observations of the cosmic microwave background 
anisotropies and large scale structure galaxy surveys, it has become widely accepted by 
the cosmology community PJ. The idea of inflation is based on the very early universe 
dominance of vacuum energy density of a hypothetical scalar field, the inflaton. This 
produces the quasi-de Sitter spacetime jS] and during the slow-roll period, the equation 
of state can be approximated by the vacuum state as p ~ —p. After that there must exist 
a strong non-adiabatic and out-of-equilibrium phase called reheating to produce a large 
increase of the entropy. However we don't know exactly how inflation started. 

On the other hand, the implications of the holographic principle for cosmology have 
been investigated in the literature jH 13 E] • Verlinde proposed the cosmological holo- 
graphic bound Eq.((Z|) in a radiation-dominated phase by introducing three entropies [H]. 
As an example, such a radiation-dominated phase is provided by a conformal field the- 
ory (CFT) with a large central charge which is dual to the AdS-black hole PU]- In this 
case it appeared an interesting relationship between the Friedmann equation governing 
the cosmological evolution and the square root form of entropy-energy relation, called 
Cardy- Verlinde formula ^T]. Although the Friedmann equation has the geometric origin 
and the Cardy- Verlinde formula is designed only for the matter content, it suggested that 
both may arise from a single fundamental theory. 

In this work we will explore the implications of the holographic principle for describing 
the slow-roll inflation. It is not easy to obtain the holographic bounds for this period, 
compared with a radiation-dominated universe ^2]- However, considering a quasi-de 
Sitter phase of slow-roll inflation leads to the holographic temperature bound. This work 
will provide a solution to the question of how the holographic principle is useful to describe 
inflation. 

Let us start an {n + l)-dimensional Friedmann-Robertson- Walker (FRW) metric 



where R is the scale factor of the universe and dQ'^_i denotes the line element of an 
{n — l)-dimensional unit sphere. Here k = —1, 0, 1 represent that the universe is open, 
flat, closed, respectively. A cosmological evolution is determined by the two Friedmann 
equations 



ds^ = -dr^ + R{t) 
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where H represents the Hubble parameter with the definition H = R/R and the overdot 
stands for derivative with respect to the cosmic time r, E is the total energy of matter 
filling the universe, and p is its pressure. V is the volume of the universe, V = R^Ti^ with 
being the volume of an ra-dimensional space with fc, and Gn+i is the Newton constant 
in {n + 1) dimensions. Here we assume the equation of state: p = up, p = E/V. Before 
we proceed, we introduce three entropies for a holographic description of a radiation- 
dominated universe [Oj: 
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Bekenstein — Verlinde entropy : Sby = — ER, 
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Bekenstein — Hawking entropy : Sbu = {n - 
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Hubble entropy : = — 1)— 7;; • (3) 
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We define a quantity E-^n which corresponds to energy needed to form a universe-size 
black hole: Sbh = {n — \)V/'iGn+iR = 2T[E-Q}iR/n. The Friedmann equations (j2I) can be 
further cast to the cosmological Cardy- Verlinde formula and cosmological Smarr formula 
respectively 
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Sn = jEBu{2E-kEBu) 



kEBn = niE + pV-TnSn), (4) 
where the Hubble temperature (Th) is given by 

as the minimum temperature during the strongly gravitating phase of HR > — k. 
Eq.(0]) corresponds to another representation of the Friedmann equations expressed in 
terms of holographic quantities. 

On the matter-side, the entropy of radiation and its Casimir energy can be described 
by the Cardy- Verlinde formula and the Smarr formula, respectively 
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S = JE,{2E-E, 



Ec = n{E + pV -TS). (6) 

The first denotes the entropy-energy relation, where S is the entropy of a CFT-like radi- 
ation living on an n-dimensional sphere with radius R and E is the total energy of the 
CFT. The second represents the relation between a non-extensive part of the total energy 
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(Casimir energy) and thermodynamic quantities. Here and T stand for the Casimir 
energy of the system and the temperature of radiation with u = 1/n. We note again that 
the above equations correspond to thermodynamic relations for the CFT-matter which 
are originally independent of the geometric Friedmann equations. Suppose that the en- 
tropy of radiation in the FRW universe can be described by the Cardy-Verlinde formula. 
Then comparing (jU with ©, one finds that if E^u = Ec, then Su = S and Th = T. For 
a k = 1 closed radiation-dominated universe, a bound on the Casimir energy {Ec < -Ebh) 
leads to the Hubble bounds for entropy and temperature [Hj 

S <Sn, T> Th, for HR > 1 (7) 

which shows inequalities between geometric and matter quantities. The Hubble entropy 
bound can be saturated by the entropy of a radiation-matter filling the universe when its 
Casimir energy E^ is enough to form a universe-size black hole. If this happens, equations 
dH) and (jni) coincide. This implies that the first Friedmann equation somehow knows the 
entropy formula for a radiation-matter filling the universe. As an example, we consider 
a moving brane universe in the background of the 5D Schwarzschild-AdS black hole. 
Savonije and Verlinde JU] found that when this brane crosses the black hole horizon, the 
Hubble entropy bound is saturated by the entropy of black hole(=the entropy of the CFT- 
radiation). At this moment (Th, -Ebh) are identical with {T,Ec) of the CFT-matter dual 
to the AdS black hole respectively. For a radiation-dominated universe with a positive 
cosmological constant, the holographic bound was discussed in P^ . 

For arbitrary k, the Hubble bounds for a radiation-dominated universe are still valid 

m 

S <Su, T> Tu, for HR > V2 - fc. (8) 

On the other hand, for the general equation of state of p = up, the entropy-energy relation 
no loner coincide with the first Friedmann equation and the conjectured bound on the 
Casimir energy does not leads to the Hubble entropy bound. But it was argued that even 
for uj ^ 1/n including u = —1 for a cosmological constant A, the Hubble temperature 
bound (T > Th) is still satisfied ^3]. We wish to test here whether or not this argument 
is correct for the inflation. 

For this purpose, we adopt a model of primordial inflation based on the quasi-de Sitter 
space and FRW space In what follows we work with the (3+l)-dimensional fiat FRW 
slicing of de Sitter spacetime, because this maps directly onto the FRW spacetime of the 
post inflationary universe. The line element which covers half of the full de Sitter solution 
is given by 

ds^Rw-ds = -dr^ + exp[2Hr] (dr^ + r^dnfj . (9) 
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Another slicing of de Sitter spacetime is given by the static coordinates^ 

ds1_as = -{^- H^^^) + ~ ^^^^) '^^^^ + ^^^^2> (10) 

where is the size of the cosmological horizon. The cosmological horizon is similar 
to the event horizon of the black hole. Accordingly the Gibbons-Hawking temperature is 
defined by Tgh = H/27T J7] and the area of the horizon is A = An/H'^. A role of the 
Gibbons-Hawking temperature in inflation was discussed in |18J. In order to see a route 
of information flow from inflation to observable anisotropy, see the Penrose diagram in 
Fig.l. 




Figure 1: Penrose diagram of a cosmology with inflation based on quasi-de Sitter space 
and Friedmann-Robertson- Walker space. 



As usual, points denote two-spheres (5'^), the left-hand edge represents the world line 
-'^The coordinates of r, r and t, r are related by the transformations r = e^* g'^f^ > = ^ + 5^ ~ 
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of an observer at the origin. Others are boundaries at infinity. The lower half stands for 
a quasi-de Sitter space (QdS) and the upper half for a FRW spacetime. The join between 
them is the epoch of reheating (RH) and shaded regions of each show the regions within 
the apparent horizon of an observer at the origin : one is an apparent cosmological horizon 
for QdS and the other is an apparent particle horizon for FRW. REG and BBN represent 
spacelike hypersurfaces for the recombination epoch and big bang nucleosynthesis epoch. 
Two regions in QdS are necessary, one appropriate for matching onto FRW and the 
other for holographic analysis. Actually perturbations may be imprinted by fiuctuating 
quantum field (QF) on the scale of the apparent cosmological horizon during the slow-roll 
period of infiation (SR). The apparent horizon grows slightly during SR, as is shown by two 
closely parallel null lines. This happens because the spacetime becomes asymptotically 
de Sitter space due to the increase of entropy during SR. The intersection of our past 
light cone (null line) with REG is the two-sphere of the last scattering surface (LS) for 
the cosmic background radiation. A particular timelike trajectory of a comoving sphere 
(GMS) is shown. The radiation-dominated era (RD) is from the end of RH to the time 
of REG and the matter-dominated era (MD) is extended from REG to the present: US, 
NOW. Finally a high frequency gravitational wave background (GWR) can reach US via 
direct null trajectories. 

In order to describe the infiation, we introduce a scalar field (0 = 0('r): infiaton). 
This gives us the energy density and pressure jH 



P<^ = y + m, P<^ = y-m- (11) 

Note that although the scalar field acts as a matter, it does not possess an exact equation 
of state like = oj^p^. Assuming a spatially fiat universe, we obtain 



H = 

3M2 



V{<P) + y\ (12) 



and 

4) + 3H<i) + V'{(j)) =0 (13) 



where the Planck mass is given by Mp = l/^ySirGi in the units of c = fi = 1. V'{(f)) 
denotes the differentiation with respect to its argument. The first equation is obtained 
from Eqs.(j21) (fTT|) . whereas the second from the conservation law of p + 3H{p+p) = 0. 
Infiation occurs when the potential energy of the scalar is dominant in Eq. ()12j) . This 
situation is approximated by the slow-roll period of infiation which is formally defined by 

W^)l«lw.h,^M,^;|). (14) 
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Then we obtain two equations (fT^ and (fTSj) in the slow-roll approximation 

^'^S^' (15) 

where ~ indicates that the quantities are equal with the slow-roll approximation. From 
Eq.(j21) one finds a relation 

In the slow-roll approximation the potential can be taken to be a nearly constant. Hence 
this can be approximated by a quasi-de Sitter phase with its temperature Tgh- 

The slow-roll approximation is sufficient condition for inflation. To see this, let us 
rewrite the condition for inflation as 

^ = H + H^>0. (17) 
rl 

This is obviously satisfied if H is positive. Otherwise, we require 

eHj ^-§-2<^ (18) 
where enj is the slow- roll parameter in the Hamilton- Jacobi formalism, enj leads to 

Hence, if the slow-roll approximation is valid (e <^ 1), then inflation (enj < 1) is guaran- 
teed. 

On the other hand, when expressing enj in terms of he Hubble temperature — ^ 
and the Gibbons-Hawking temperature Tgh = one finds the relation 



2nH 



en, = ^^ e. (20) 

Similarly, if the slow-roll approximation is valid (e ^ 1), an inequality of Tgh > Th is 
guaranteed. From Eq. (fTH|) this inequality is another representation for existing inflation. 
Here the matter-temperature T is replaced by Tgh because in the slow-roll period of 
quasi-de Sitter space, the matter-distribution is approximately given by the positive cos- 
mo logical constant (A ~ V {</))). From the above, we arrive at the holographic temperature 
bound 

Tgh > Th (21) 
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which is vahd for the period of inflation. This is the main resuh of our work. Eq. ()21|) has 
the same form as in the Hubble temperature bound (T > Th) for a radiation-dominated 
universe except replacing T by Tgh- Here Th corresponds to the minimum temperature in 
the period of inflation. When the Gibbons-Hawking temperature is equal to the Hubble 
temperature (Tqh = ^h), inflation comes to an end (e = 1). 

Although two temperature of Tqh and Th have the geometric origin, our new inter- 
pretation for the inflationary period are helpful to understand when the inflation ended. 
That is, when Tqh = Th, inflation ended. However, concerning the question of when the 
inflation started [20], we have still no information. 
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